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In this work, we investigate the nature of the fractional quantum Hall state in the 1/3-filled second
Landau level (SLL) at filling factor ν = 7/3 (and 8/3 in the presence of the particle-hole symmetry)
via exact diagonalization in both torus and spherical geometries. Specifically, we compute the
overlap between the exact 7/3 ground state and various competing states including (i) the Laughlin
state, (ii) the fermionic Haffnian state, (iii) the antisymmetrized product state of two composite
fermion seas at 1/6 filling, and (iv) the particle-hole (PH) conjugate of the Z4 parafermion state.
All these trial states are constructed according to a guiding principle called the bilayer mapping
approach, where a trial state is obtained as the antisymmetrized projection of a bilayer quantum
Hall state with interlayer distance d as a variational parameter. Under the proper understanding
of the ground-state degeneracy in the torus geometry, the Z4 parafermion state can be obtained
as the antisymmetrized projection of the Halperin (330) state. Similarly, it is proved in this work
that the fermionic Haffnian state can be obtained as the antisymmetrized projection of the Halperin
(551) state. The exact 7/3 ground state is obtained as a function of δV
(1)
1 , the variation of the first-
moment Haldane pseudopotential V
(1)
1 in the SLL with respect to the pure Coulomb interaction. It
is shown that, while extremely accurate at sufficiently large positive δV
(1)
1 , the Laughlin state loses
its overlap with the exact 7/3 ground state significantly at δV
(1)
1 ≃ 0. At slightly negative δV
(1)
1 ,
it is shown that the PH-conjugated Z4 parafermion state has a substantial overlap with the exact
7/3 ground state, which is the highest among the above four trial states. Around the Coulomb
point, the energy spectrum exhibits an intriguing change from the spectrum with the Laughlin-type
magnetoroton structure to that with the specific quasi-degeneracy of the ground state, which is
characteristic to the PH-conjugated Z4 parafermion state.
I. INTRODUCTION
The fractional quantum Hall (FQH) states occurring in
the second Landau level (SLL) have attracted intense in-
terest due to their possibility as exotic topological states
with non-Abelian quasiparticle statistics. This possibil-
ity is in stark contrast to the fact that the major FQH
states in the lowest Landau level (LLL) at filling factor
ν = n/(2pn±1) with p and n being positive integers [and
their particle-hole (PH) conjugates] can be understood
as the weakly-interacting integer quantum Hall states of
composite fermion (CF) at effective filling factor ν∗ = n,
where quasiparticles satisfy Abelian statistics [1, 2]. The
weakly interacting CF theory serves as an excellent guid-
ing principle for the FQH states in the LLL.
Other minor unconventional FQH states in the LLL,
for example, occurring at ν = 4/11 and 5/13 can be
understood within the extended framework of the CF
theory, where CFs form their own FQH states with mixed
“vorticity flavor” with some carrying two vortices and
the other four [3]. The FQH state at ν = 3/8 [4, 5] is
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highly peculiar, but actually related with those occurring
at even-denominator filling factors in the SLL [6], which
requires a new guiding principle as explained below.
The situation is rather complicated in the SLL, where
the FQH states are relatively rare and fragile in com-
parison with the LLL [7]. On the surface, the weakly
interacting CF theory seems to work very well. All odd-
denominator FQH fractions in the SLL are well cap-
tured by the usual CF sequence ν = 2 + n/(2pn ± 1)
and its PH conjugates ν = 3 ± n/(2pn ± 1) except for
a few, but robust even-denominator FQH states occur-
ring in the half-filled SLL at ν = 5/2 (= 2 + 1/2) and
7/2 (= 3 + 1/2) [8–10], which can be understood as the
paired states of CFs [11]. Note that the 7/2 state is the
PH conjugate of the 5/2 state in the limit of zero Lan-
dau level mixing, in which case the same physics governs
both states.
The 5/2 (7/2) state has attracted much attention for
the possibility that it may host non-Abelian statistics
for low-energy quasiparticles. This possibility is largely
based on the observation that the exact 5/2 ground
state obtained in finite-size numerical studies seems to
be well described by the Moore-Read (MR) Pfaffian
state [12–14] or its PH conjugate known as the anti-
Pfaffian state [15, 16] in certain ranges of model pa-
2rameters. Previous finite-size numerical studies utilized
various numerical techniques such as exact diagonaliza-
tion (ED) in both spherical [17–25] and torus geome-
tries [18, 20, 25–29], and the density matrix renormaliza-
tion group (DMRG) method in both spherical [30] and
cylindrical [31] geometries.
The true nature of the 5/2 state, however, still re-
mains elusive in part due to the fact that the MR
Pfaffian/anti-Pfaffian state breaks the PH symmetry,
while the Coulomb interaction preserves it [21, 26, 27].
The PH symmetry can be broken in real experiments ei-
ther spontaneously via modified Coulomb interaction [18,
21] or externally via Landau level mixing [23–25, 28, 31–
35]. Despite this apparent possibility of the PH sym-
metry breaking in real experiments, it is still problem-
atic that the MR Pfaffian/anti-Pfaffian state has a rather
low overlap with the exact 5/2 ground state at the pure
Coulomb interaction. In fact, it is interesting to men-
tion that, according to a recent study [25], the overlap
between the MR Pfaffian/anti-Pfaffian and the exact 5/2
ground states is reduced with an increase of Landau level
mixing strength, indicating that the Landau level mixing
is not necessarily good for the MR Pfaffian/anti-Pfaffian
state.
Whether any given trial state is really relevant to the
5/2 FQH physics depends crucially on its overlap with the
exact 5/2 ground state. If there is a trial state, whose
overlap with the exact 5/2 ground state is better than
that of the MR Pfaffian/anti-Pfaffian state, it could sug-
gest an altogether different mechanism for the 5/2 FQH
physics. Recently, based on ED in the torus geometry, it
was proposed by two of the current authors [29] that the
exact 5/2 ground state at the pure Coulomb interaction
can be better described by the antisymmetrized product
state of two CF seas at quarter filling. This antisym-
metrized product state has an additional advantage over
the MR Pfaffian/anti-Pfaffian state in that it is suscepti-
ble to an anisotropic instability, which is consistent with
recent experimental observations [36, 37]. This state was
constructed according to a guiding principle called the
bilayer mapping approach, which is explained in detail
below.
Similar to the 5/2 state, the FQH states at ν = 12/5
(= 2 + 2/5) and 13/5 (= 3 − 2/5) [10, 38, 39] have at-
tracted much attention in the context of non-Abelian
statistics. There are several proposed trial states; (i)
the (PH-conjugated) Z3 parafermion state [40], (ii) the
Bonderson-Slingerland state [41, 42], (iii) the hierarchy
state [43, 44], (iv) the weakly-interacting CF state [2],
and (v) the multipartite CF states [45, 46]. Recent nu-
merical studies using the DMRG method in both spher-
ical [47] and cylindrical [48] geometries as well as ED in
the torus geometry [48] suggest that the 13/5 (12/5) state
may be in the same universality class as the (PH conju-
gate of) Z3 parafermion state, which hosts non-Abelian
statistics.
In contrast to the 5/2 (7/2) and 12/5 (13/5) states,
the FQH state in the 1/3-filled SLL at ν = 7/3 (8/3) has
attracted relatively little attention. One of the reasons
for such a negligence is that the 7/3 ground state was
generally believed to be in the same universality class
as the Laughlin state occurring in the LLL [49]. When
scrutinized, however, numerical evidence has not been
so conclusive. According to an early study using ED in
the torus geometry with the hexagonal unit cell [50], the
exact 7/3 ground state at N = 6 seemed to be com-
pressible at the pure Coulomb interaction and under-
goes a first-order transition to the Laughlin state as the
hard-core component of the Haldane pseudopotential in-
creases. Moreover, overlap studies in the spherical ge-
ometry [51, 52] have shown that the square of overlap at
the pure Coulomb interaction is very low, typically being
below 40% in finite-size systems with N ≤ 12.
On the other hand, the entanglement spectrum [53]
obtained via ED in the spherical geometry [52, 54] and
the DMRG method in the infinite cylindrical geome-
try [31] provides evidence supporting that the 7/3 state
has the Laughlin-type edge excitation spectrum. It was
argued [52, 54] that the apparent discrepancy between
the low ground-state overlap and the Laughlin-type en-
tanglement spectrum could be caused by the fact that
quasiparticles/holes in the 7/3 state are very large. Large
quasiparticles/holes can be well captured by the varia-
tional Monte Carlo simulation [52] as well as the DMRG
method [54], while not by ED using relatively small finite-
size systems.
Despite this argument, however, the substantially low
overlap between the exact 7/3 ground and the Laugh-
lin states is alarming and demands a search for a better
trial state. As mentioned, this situation is rather simi-
lar to that between the exact 5/2 ground and the MR
Pfaffian/anti-Pfaffian states. In this context, an impor-
tant question is what guiding principle should be used
for the FQH states in the SLL.
Considering that the MR Pfaffian/anti-Pfaffian state is
generated by the pairing mechanism involving composite
fermions, it is plausible that a good trial state for the
exact 7/3 ground state can be also generated by a similar
“pairing” mechanism. As a generalization of the pairing
mechanism responsible for the MR Pfaffian state, Read
and Rezayi [40] proposed a guiding principle for the FQH
states in higher Landau levels, according to which the
FQH states at ν = k/(k + 2) can be generated as the
zero-energy ground state of the fermionic (k + 1)-body
δ-function interaction Hamiltonian, where k is a positive
integer. The k = 2 case corresponds to the MR Pfaffian
state. In general, the ground state obtained at a given
k is called the Zk parafermion state, which includes the
previously-mentioned Z3 parafermion state at ν = 12/5
(13/5). Physically speaking, the Zk parafermion state
involves k-particle clusters, generalizing pairs in the MR
Pfaffian state.
Under this guiding principle, the Z4 parafermion state
can serve as a natural trial state at ν = 8/3 (= 2 +
2/3). In fact, a recent numerical work based on ED
in the spherical geometry [55] has shown that the Z4
3parafermion state has a significant overlap with the ex-
act ground state at ν = 8/3 in the limit of zero Landau
level mixing, where the PH symmetry is preserved. In
the presence of the PH symmetry, a related trial state
can be obtained at ν = 7/3 by applying the PH conjuga-
tion operator onto the Z4 parafermion state. Note that,
throughout this work, we do not consider any PH break-
ing mechanism, and therefore basically the same physical
result holds for both ν = 7/3 and 8/3, which are related
via the PH conjugation.
As an alternative to the Zk parafermion approach, in
this work, we would like to propose a different guiding
principle called the bilayer mapping approach [29]. Ac-
cording to this approach, a trial state is constructed as
the antisymmetrized projection of a bilayer quantum Hall
state with interlayer distance d as a variational param-
eter. As mentioned above, this approach had been al-
ready applied to the 5/2 FQH problem. The MR Pfaffian
state is obtained as the antisymmetrized projection of the
Halperin (331) state [56], which occurs at d/lB ≃ 1. An-
other trial state is the antisymmetrized product state of
two CF seas at quarter filling, which occurs at d/lB →∞.
The usual CF sea state at half filling is obtained at
d/lB → 0. It was found that the antisymmetrized prod-
uct state of two CF seas at quarter filling has a substan-
tially higher overlap with the exact 5/2 ground state than
the MR Pfaffian state at the Coulomb point [29]. This
leads to an intriguing question if the bilayer mapping ap-
proach can be also applied to the 7/3 FQH problem.
To see what trial states can be generated at ν = 7/3 in
the bilayer mapping approach, let us examine what bi-
layer quantum Hall ground states can occur as a function
of d/lB. Figure 1 shows the schematic phase diagrams of
the bilayer quantum Hall ground state as a function of
d/lB at ν = 1/3 [57] and 2/3 [58]. Scarola and Jain [57]
studied the phase diagram of the bilayer quantum Hall
ground state at ν = 1/3 by computing the energies of var-
ious trial states as a function of d/lB. As a result, it was
shown that (i) the Laughlin state, Ψ333, has the lowest
energy at 0 ≤ d/lB . 2, (ii) the Jastrow-correlated prod-
uct state of two CF seas at quarter filling, ΨJastrow−corr4CFS⊗4CFS ,
at 2 . d/lB . 3, (iii) the Halperin (551) state, Ψ551,
at 3 . d/lB . 3.5, and finally (iv) the product state of
two CF seas at 1/6 filling, Ψ6CFS⊗6CFS, at d/lB ≫ 1.
Meanwhile, McDonald and Haldane [58] performed ED
to determine the phase diagram of the bilayer quantum
Hall ground state at ν = 2/3. As a result, it was shown
that (i) the pseudospin singlet state, Ψsinglet, occurs at
d/lB ≪ 1, and (ii) the Halperin (330) state, Ψ330, at
d/lB ≫ 1.
Out of these six bilayer quantum Hall ground states,
we focus on three states at ν = 1/3, which are Ψ333,
Ψ551, and Ψ6CFS⊗6CFS, and one state at ν = 2/3, which
is Ψ330. Note that we do not pay attention to Ψsinglet
since it is completely annihilated upon antisymmetriza-
tion. Also, we do not discuss ΨJastrow−corr4CFS⊗4CFS since it turns
out that the antisymmetrized projection of this state has
a negligible overlap with the exact 7/3 ground state. We
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FIG. 1. Schematic phase diagrams of the bilayer quantum
Hall ground state as a function of interlayer distance d/lB
at (a) ν = 1/3 and (b) 2/3. See Sec. III for the detailed
mathematical form of each bilayer quantum Hall ground state.
construct the final four trial states for the FQH state at
ν = 7/3 by applying the antisymmetrization operator
onto Ψ333, Ψ551, Ψ6CFS⊗6CFS, and by applying the an-
tisymmetrization operator and then the PH conjugation
operator onto Ψ330. In summary, we obtain the follow-
ing four trial states in the bilayer mapping approach: (i)
Ψ333, (ii) AΨ551, (iii) AΨ6CFS⊗6CFS, and (iv) CPHAΨ330,
where A and CPH are the antisymmetrization and the
PH conjugation operators, respectively. Here, note that
AΨ333 = Ψ333 since the Laughlin state is already anti-
symmetrized.
While seemingly unrelated, there is in fact an intrigu-
ing connection between the two guiding principles of the
Zk parafermion and the bilayer mapping approaches. It
was shown previously [59, 60] that the Z4 parafermion
state is entirely equivalent to the antisymmetrized pro-
jection of the Halperin (330) state:
ΨZ4 = AΨ330. (1)
Originally, this identity was derived in an attempt to gen-
erate non-Abelian states in bilayer quantum Hall systems
as an alternative to the Zk parafermion approach, which
uses the model Hamiltonian of the fermionic (k+1)-body
δ-function interaction. In this point of view, AΨ330 can
be regarded as the single-layer limit of the bilayer quan-
tum ground state Ψ330, which may be obtained in the
limit of large interlayer tunneling, while the interlayer
Coulomb interaction is set equal to zero. Unfortunately,
it was shown by a numerical calculation that taking the
limit of large interlayer tunneling could be actually differ-
ent from applying the antisymmetrized projection [61].
Similarly, it turns out that there is also an intrigu-
ing connection between AΨ551 and the previously-known
trial state called the fermionic Haffnian state [62], ΨHf =
Ψ333Det
(
1
zi−zj
)
, which can be regarded as the d-wave
paired state of composite fermions. It is proved in this
work that the fermionic Haffnian state is entirely equiv-
alent to the antisymmetrized projection of the Halperin
4(551) state:
ΨHf = AΨ551. (2)
Note that the antisymmetrized projection of the Halperin
(551) state has been considered previously [63], although
it was not formally identified as the fermionic Haffnian
state. It is interesting to note that there is also a similar
connection between the MR Pfaffian state and the anti-
symmetrized projection of the Halperin (331) state [56]:
ΨPf = AΨ331. (3)
Physically, the MR Pfaffian state can be regarded as the
p-wave paired state of composite fermions.
Proven analytically, all the above identities in Eqs. (1),
(2), and (3), which we call collectively the bilayer map-
ping identities in this paper, are absolutely exact. How-
ever, there is a subtlety in applying these identities di-
rectly to the torus geometry. Specifically, the two states
equated by the above identities do not necessarily have
the same ground-state degeneracy in the torus geometry.
This is in part due to the fact that the bilayer quantum
Hall ground states have generally different degeneracies
from their counterparts related by the bilayer mapping
identities. Moreover, the antisymmetrization operator
does not necessarily preserve the ground-state degener-
acy structure of the bilayer quantum Hall Hamiltonian
in the torus geometry.
To appreciate the meaning of this subtlety more con-
cretely, it is important to note that the above trial states
can be generated in the torus geometry as the zero-
energy ground state of their respective model Hamilto-
nians, which exhibits a certain ground-state degeneracy
specific to each state. For example, the Z4 parafermion
state is generated by diagonalizing the fermionic 5-body
δ-function-interaction Hamiltonian, which has 15 degen-
erate zero-energy ground states. Meanwhile, the model
Hamiltonian generating the Halperin (330) state has 9
degenerate zero-energy ground states. Obviously, the
ground-state degeneracies of these two model Hamilto-
nians do not match.
On the other hand, all the above identities in Eqs. (1),
(2), and (3) are analytically proved by using the specific
mathematical form of each trial wave function, which
is written in the infinite planar geometry. Logically
speaking, such analytical proofs do not necessarily know
about the ground-state degeneracy structure of the model
Hamiltonian in the torus geometry. Thus, apparently,
there is a dilemma between the analytical proof and the
ground-state degeneracy mismatch in the torus geometry.
To resolve this dilemma, we conjecture that the above
identities are to be interpreted in such a way that, in
the torus geometry, only certain degenerate copies of
the left-hand-side state in the bilayer mapping identi-
ties are exactly identical to the appropriate counterparts
of the right-hand-side state. It is explicitly shown in
this work that the antisymmetrized Halperin (330) state
has exactly the same ground-state degeneracy as the Z4
parafermion state in a common momentum sector, where
both Halperin (330) and Z4 parafermion states occur as
the ground states of their respective model Hamiltonians.
More importantly, in this momentum sector, the entire
Hilbert space expanded by the degenerate copies of the
antisymmetrized Halperin (330) state is exactly identical
to that of the Z4 parafermion state. Based on this obser-
vation, we have a slightly stronger conjecture (at least for
incompressible states) that, if there is a common momen-
tum sector, where the two states related by the bilayer
mapping identities have the same ground-state degener-
acy, all the degenerate copies of the two states are exactly
identical in such a momentum sector.
The situation is somewhat more complicated for the
fermionic Haffnian state, whose model Hamiltonian has
a diverging ground-state degeneracy as a function of par-
ticle number in the torus geometry [74, 75]. On the other
hand, the model Hamiltonian generating the Halperin
(551) state has a finite ground-state degeneracy. So, it is
impossible to reconcile these two vastly different ground-
state degeneracies for the entire momentum sectors. It
would be interesting to check if our conjecture on the
bilayer mapping identities works even in this situation.
To this end, a crucial question is if there is a common
momentum sector, where the ground-state degeneracy of
the fermionic Haffnian state is matched with that of the
antisymmetrized Halperin (551) state. Unfortunately, at
present, we are unable to perform a direct check to an-
swer this question.
Instead, in this work, we make use of the fact that
the ground-state degeneracy issue does not occur in the
spherical geometry, where both fermionic Haffnian and
Halperin (551) states are non-degenerate. Indeed, it is
explicitly shown in this work that the overlap between the
the antisymmetrized Halperin (551) and the fermionic
Haffnian states is precisely unity in the spherical geome-
try, as predicted by Eq. (2). Actually, all the above trial
states are also non-degenerate in the spherical geometry.
Consequently, the overlap between the antisymmetrized
Halperin (330) and the Z4 parafermion states is also pre-
cisely unity in the spherical geometry, as predicted by
Eq. (1).
Considering the numerical evidence obtained from
both torus and spherical geometries, we think that it is
reasonable to conjecture that, if there is a common mo-
mentum or angular momentum sector, where the ground-
state degeneracies of the two states related by the bilayer
mapping identities are matched, all the degenerate copies
of the two states are exactly identical in such a momen-
tum or angular momentum sector. In fact, it turns out
that such a momentum or angular momentum sector is
usually where the uniform ground state occurs.
Under this understanding, for the sake of convenience,
let us simply call the antisymmetrized Halperin (330)
state the Z4 parafermion state and the antisymmetrized
Halperin (551) state the fermionic Haffnian state from
this forward. Intesretingly, it has been shown in a recent
work [64] that the entire ground-state degeneracies of the
5Zk parafermion state can be fully reproduced by using
the projective construction using a multilayer torus with
twisted boundary conditions.
To summarize, the following four trial states are gener-
ated via the bilayer mapping; (i) the Laughlin state, (ii)
the antisymmetrized Halperin (551) state, which is iden-
tified as the fermionic Haffnian state under the proper
understanding of the ground-state degeneracy explained
above, (iii) the antisymmetrized product state of two CF
seas at 1/6 filling, and (iv) the PH conjugate of the anti-
symmetrized Halperin (330) state, which is identified as
the Z4 parafermion state under the proper understand-
ing of the ground-state degeneracy explained above. To
investigate which trial state is most relevant at ν = 7/3,
in this work, we compute the overlap between the exact
7/3 ground state (which is the lowest energy state of the
Coulomb interaction as a function of the Haldane pseu-
dopotential variation) and the above four trial states by
using ED up to N = 12 in both torus and the spherical
geometries. As a result, it is shown that the PH conju-
gate of the Z4 parafermion state has a substantial over-
lap with the exact 7/3 ground state around the Coulomb
point, which is the highest among the four trial states.
The rest of this paper is organized as follows. In Sec. II,
we provide the analytical expressions of the FQH Hamil-
tonians in both torus and spherical geometries, which
are formulated in terms of the Haldane pseudopoten-
tials. In Sec. III, we provide the concrete mathemati-
cal forms of the above four trial states and explain how
to obtain them by applying the antisymmetrization and
the PH conjugation operators onto the relevant bilayer
quantum Hall states. In particular, it is proved analyti-
cally that the antisymmetrized projection of the Halperin
(551) state is entirely equivalent to the fermionic Haffnian
state. In Sec. IVA, we provide the results for the overlap
between the exact 7/3 ground state and the above four
trial states. In Sec. IVB, we examine the energy spec-
trum, which exhibits an intriguing transition from the
spectrum with the Laughlin-type magnetoroton structure
to that with the specific quasi-degeneracy of the ground
state, which is characteristic to the PH-conjugated Z4
parafermion state. We conclude in Sec. V with a sum-
mary of the results and a discussion on the future direc-
tions.
II. HAMILTONIAN
In this section, we provide the analytical expressions
of the FQH Hamiltonians in both torus and spherical
geometries. Considering a recent experimental observa-
tion [65], here, we focus on the fully spin-polarized situ-
ation. The goal of this section is to express the electron-
electron interaction Hamiltonian in the Landau level with
index n (nLL) in terms of Haldane pseudopotentials [50].
The pure Coulomb interaction can be obtained by choos-
ing an appropriate set of Haldane pseudopotentials.
In the torus geometry [66, 67], the unit cell has a shape
of parallelogram defined by two vectors L1 and L2 with
the periodic boundary condition. The area of the unit cell
is set equal to |L1×L2| = 2πl2BNφ, where lB is the mag-
netic length and Nφ is the number of flux quanta. The
aspect ratio of the unit cell is defined by ra = |L1|/|L2|,
which is set equal to unity in this work unless stated oth-
erwise. The nLL FQH Hamiltonian is written in terms
of the torus basis states as follows:
HnLL =
1
2
∑
j1,j2,j3,j4
M
(n)
j1j2j3j4
c†j1c
†
j2
cj3cj4 , (4)
where cj
† and cj are the creation and annihilation oper-
ators, respectively, acting on the j-th state with j being
the linear momentum quantum number. The matrix el-
ement M
(n)
j1j2j3j4
is given by [29, 50]
M
(n)
j1j2j3j4
=δ′j1−j4,tδ
′
j1+j2,j3+j4
×
∞∑
m=0
2V
(n)
m
Nφ
∑
q
eiqx(Xj1−Xj3 )e−
q2
2 Lm
(
q2
)
,
(5)
where Xj = 2πj/|L2| for j = 1, 2, . . . , Nφ and q =
sq1 + tq2 [s, t ∈ Z] with q1 and q2 being the reciprocal
vectors defined by the reciprocal relations, L1 · q1 = 2π
and L2 · q2 = 2π. The primed Kronecker delta is de-
fined as δ′i,j = 1 if i = j modulo Nφ, and 0 otherwise.
Lm(x) is the Laguerre polynomial. Called the Haldane
pseudopotential, V
(n)
m is the potential energy of an elec-
tron pair with relative angular momentumm in the nLL.
For a given electron-electron interaction specified by its
Fourier component Vk, the Haldane pseudopotentials are
obtained as follows [50]:
V (n)m =
1
2π
∫
d2k VkLm(k
2)L2n
(
k2
2
)
e−k
2
. (6)
Note that, in the case of the Coulomb interaction, the
q = 0 component is excluded in the q summation in
Eq. (5) to take into account the positive background cor-
rection. It is convenient to vary the Coulomb interaction
by adding the Haldane pseudopotential variations δV
(n)
m
to the pure Coulomb values V
(n)
Coul,m. In particular, we
obtain the exact 7/3 ground state, Ψ7/3[δV
(1)
1 ], by di-
agonalizing the torus FQH Hamiltonian in Eq. (4) as a
function of δV
(1)
1 . Note that all eigenstates of the torus
FQH Hamiltonian can be classified in terms of the pseu-
domomentum Q = Q1q1 + Q2q2 ≡ (Q1, Q2), which is
conserved due to the translational invariance [67]. In the
rectangular unit cell, (Q1, Q2) = (Qx, Qy).
For the bilayer quantum Hall (BQH) system, the
Hamiltonian is written as follows:
HBQH =
1
2
∑
j1,j2,j3,j4
Mσσ
′
j1j2j3j4c
†
j1σ
c†j2σ′cj3σ′cj4σ, (7)
6where the matrix element Mσσ
′
j1j2j3j4
depends not only on
the orbital momentum indices, j1, · · · , j4, but also on
the layer indices, σ and σ′. If σ = σ′ (σ 6= σ′), Mσσ′j1j2j3j4
describes the intralayer (interlayer) interaction. Similar
to Eq. (5), the layer-dependent Haldane pseudopotentials
V σσ
′
m can be related with M
σσ′
j1j2j3j4
as follows:
Mσσ
′
j1j2j3j4 =δ
′
j1−j4,tδ
′
j1+j2,j3+j4
×
∞∑
m=0
2V σσ
′
m
Nφ
∑
q
eiqx(Xj1−Xj3 )e−
q2
2 Lm
(
q2
)
,
(8)
where V σσ
′
m = V
intra
m and V
inter
m if σ = σ
′ and σ 6= σ′,
respectively.
So far, we have discussed the nLL FQH and the BQH
Hamiltonians, which both have the two-body interaction
between electrons. As mentioned in Sec. I, for certain
trial states, it is necessary to consider the model Hamilto-
nians with the (k+1)-body interaction. Specifically, the
Zk parafermion state can be generated as the zero-energy
ground state of the fermionic (k+1)-body δ-function in-
teraction Hamiltonian. See Appendix A for the details of
the fermionic (k+1)-body δ-function interaction Hamil-
tonian. Since we are particularly interested in the Z4
parafermion state, in this work, we focus on the fermionic
five-body δ-function interaction Hamiltonian, whose con-
crete second quantization form in the torus geometry is
given in Appendix B.
In the spherical geometry [43], the nLL FQH Hamilto-
nian can be written for a two-body interaction V (r1, r2)
as follows:
HnLL =
1
2
∑
m1m2m′1m
′
2
〈lm1, lm2|V |lm′1, lm′2〉c†m1c†m2cm′2cm′1 ,
(9)
where the orbital angular momentum l is given by
l = Q + n for the nLL with Q being the magnetic
monopole strength. The azimuthal quantum numbers,
m1, m2, m
′
1, and m
′
2, are summed over the range of
{−l,−l + 1, . . . , l − 1, l}. An isotropic two-body inter-
action V (r) can be represented in terms of the Haldane
pseudopotentials as follows [2]:
〈lm1, lm2|V (r)|lm′1, lm′2〉
=
2l∑
L=0
L∑
M=−L
〈lm1, lm2|LM〉VL〈LM |lm′1, lm′2〉, (10)
where the spherical Haldane pseudopotential VL is given
as the potential energy of an electron pair with total
angular momentum L, or equivalently with the relative
angular momentum 2l − L. Specifically, for the pure
Coulomb interaction, i.e., VCoul(r1, r2) = 1/|r1 − r2|,
〈lm1, lm2|VCoul|lm′1, lm′2〉
=
1
R
∑
l′
∑
m
〈lm′1, l′m|lm1〉〈lm2, l′m|lm′2〉〈lQ, l′0|lQ〉2,
(11)
where the radius of the sphere R is determined by
4πR2B = 2Qhc/e, or simply R =
√
Q if we set the mag-
netic length lB =
√
~c/eB equal to unity. The BQH
Hamiltonian in the spherical geometry can be obtained
by defining the layer-dependent spherical Haldane pseu-
dopotentials similar to Eq. (7).
III. TRIAL STATES
As mentioned in Sec. I, we are interested in the fol-
lowing four trial states; (i) the Laughlin state, Ψ333, (ii)
the fermionic Haffnian state, ΨHf , which is shown to be
equivalent to AΨ551 under the proper understanding of
the ground-state degeneracy in the torus geometry, (iii)
the antisymmetrized product state of two CF seas at 1/6
filling, AΨ6CFS⊗6CFS, and (iv) the PH conjugate of the
Z4 parafermion state, CPHΨZ4 , where ΨZ4 is identified
as AΨ330 under the proper understanding of the ground-
state degeneracy in the torus geometry. Below, we pro-
vide the concrete mathematical forms of the trial states
and explain how to obtain them numerically by apply-
ing the antisymmetrization and the PH conjugation op-
erators onto the relevant bilayer quantum Hall states.
See Ref. [29] for details on how to perform the antisym-
metrization and the PH conjugation operators in second
quantization.
A. Laughlin state
The Laughlin state Ψ333 is given as follows:
Ψ333 =
N/2∏
i<j
(zi − zj)3 (ωi − ωj)3
N/2∏
k,l
(zk − ωl)3 , (12)
which zi and ωj denote the coordinates of the i-th and the
j-th electron in each layer. Evidently, Ψ333 is invariant
with respect to antisymmetrization as is. Ψ333 can be
obtained as the exact zero-energy ground state of the
LLL FQH Hamiltonian in Eq. (4) with V
(0)
1 set equal
to a nonzero positive number and all the other Haldane
pseudopotentials to zero [68]. Alternatively, the exact
Coulomb ground state in the LLL can be used as an
excellent approximation to Ψ333.
B. Fermionic Haffnian state
The fermionic Haffnian state is written as [62]
ΨHf = Φ
3
1Hf
(
1
(Zi − Zj)2
)
= Φ31Det
(
1
Zi − Zj
)
, (13)
where Φ1 =
∏N
i<j(Zi − Zj) with Zi being the unified
coordinates defined as Zi = zi and Zi+N/2 = ωi with
7i = 1, 2, . . . , N/2. Note that zi and wi denote the co-
ordinates of electrons in the top and bottom layers, re-
spectively, while there is no physical distinction between
two different layer degrees of freedom at the final wave
function, which is totally antisymmetried as a whole. Φ31
is equivalent to Ψ333. Hf denotes the Haffnian of a sym-
metric matrix, which is related with the determinant via
Hf(M2ij) = Det(Mij) [14]. Meanwhile, the Halperin (551)
state Ψ551 [69, 70] is written as
Ψ551 =
N/2∏
i<j
(zi − zj)5 (ωi − ωj)5
N/2∏
k,l
(zk − ωl) . (14)
Now, we would like to prove that the antisymmetrized
projection of the Halperin (551) state, AΨ551, is entirely
equivalent to ΨHf up to a normalization constant. To
this end, it is convenient to rewrite AΨ551 as follows:
AΨ551 = Φ1S
N/2∏
i<j
(zi − zj)4 (ωi − ωj)4 , (15)
where S is the symmetrization operator. In order to ex-
press Eq. (15) in the form of a paired state, we exploit
two identities for the symmetrized Jastrow factor. The
first identity is given by
S
N/2∏
i<j
(zi − zj)4(ωi − ωj)4
= 2(1−N/2)

S N/2∏
i<j
(zi − zj)2(ωi − ωj)2


2
, (16)
which is proved in Appendix C. The second identity is
the well-known analytical relationship between the sym-
metrized Halperin (220) and the bosonic MR Pfaffian
wave function, which is fundamentally due to Cauchy’s
identity [56]:
S
N/2∏
i<j
(zi − zj)2 (ωi − ωj)2 = CN/2Φ1Pf
(
1
Zi − Zj
)
,
(17)
where the constant factor Cn = (−1)n(n−1)/2n!. Above,
Pf denotes the Pfaffian of a skew-symmetric matrix. Us-
ing the two identities in Eqs. (16) and (17), one can
rewrite AΨ551 up to a normalization constant as follows:
AΨ551 = Φ31
[
Pf
(
1
Zi − Zj
)]2
= Φ31Det
(
1
Zi − Zj
)
,
(18)
where it is used that [Pf(Mij)]
2 = DetMij . This proves
that AΨ551 is entirely equivalent to ΨHf up to a normal-
ization constant.
It is interesting to mention that the bosonic counter-
part of Eq. (18), i.e., the symmetrized product of two
Laughlin states at quarter filling is equivalent to the
bosonic Haffnian state at half filing, has been considered
previously. Mathematically, the bosonic counterpart of
Eq. (18) can be written as
SΨ440 = Φ21Hf
(
1
(Zi − Zj)2
)
= Φ21Det
(
1
Zi − Zj
)
,
(19)
which was mentioned before in Ref. [71], while no proof
was provided there. Also, the above relationship was
previously discussed in the context of the pattern-of-zeros
and vertex algebra approaches [72].
According to Eq. (18), one can generate the fermionic
Haffnian state as the antisymmetrized projection of the
Halperin (551) state. Similar to the Laughlin state,
the Halperin (551) state can be obtained as the exact
zero-energy ground state of the BQH Hamiltonian in
Eq. (7) with V intra1,3 and V
inter
0 set equal to nonzero posi-
tive numbers and all the other Haldane pseudopotentials
to zero [70].
It is worthwhile to mention that the antisymmetrized
projection of the bilayer state is not necessarily in-
compressible even if the original bilayer state is so.
The Halperin (551) state is incompressible, whereas the
Haffnian state is known to be not [73]. This result
is based on the conformal field theory with conformal
blocks, which correspond to trial wave functions. It is
shown that the conformal field theory becomes irrational
if its conformal block corresponds to the Haffnian wave
function. As a result, the number of excitation types in
the Haffnian state is not finite. This property manifests
itself in finite-size numerical calculations as a diverging
degeneracy of the ground state in the torus geometry and
that of the quasihole state in the spherical geometry as
a function of particle number. Both numerical and ana-
lytical studies have shown that this is indeed the case for
the bosonic Haffnian state [74, 75]. We believe that the
same should be true for the fermionic Haffnian state.
For this reason, in the torus geometry, there is a se-
rious issue of the ground-state degeneracy mismatch be-
tween the fermionic Haffnian state, which has a diverg-
ing ground-state degeneracy, and the antisymmetrized
Halperin (551) states, which has a finite ground-state
degeneracy. The Halperin (551) state has the 24-fold
degeneracy in the torus geometry, which can be under-
stood in terms of its root configurations. Specifically, we
have found that there are four distinct root configura-
tions for the Halperin (551) state: (i) |XX ◦ ◦ ◦ ◦ · · · 〉,
(ii) | ↑ ◦ ↓ ◦ ◦ ◦ · · · 〉, (iii) | ↑ ◦◦ ↓ ◦ ◦ · · · 〉, and (iv)
| ↑ ◦ ◦ ◦ ↓ ◦ · · · 〉, where ↑ and ↓ indicate a site occu-
pied by up and down spins, respectively, ◦ indicates an
empty site, XX =↑↓ + ↓↑, and the ellipsis denotes the
repetition of a given root configuration. Each of these
four root configurations has a six-fold degeneracy via the
center-of-mass shift, altogether generating 24 degenerate
states. Note that the root configurations of the Halperin
(551) state can be constructed similarly to those of the
8Halperin (331) state [76].
After antisymmetrization, the root configuration in
(i) becomes | • • ◦ ◦ ◦ ◦ · · · 〉, where • indicate a filled
site. Meanwhile, the root configurations in both (ii) and
(iv) reduce to a single identical state, | • ◦ • ◦ ◦ ◦ · · · 〉.
Each of these two antisymmetrized root configurations,
|••◦◦◦◦ · · ·〉 and |•◦•◦◦◦ · · ·〉, generates six degenerate
copies via the center-of-mass shift. On the other hand,
the root configuration in (iii) becomes | • ◦ ◦ • ◦ ◦ · · · 〉,
which has three degenerate copies since the period of the
center-of-mass shift is halved. As a consequence, the an-
tisymmetrized Halperin (551) state has altogether the
15-fold ground-state degeneracy in the torus geometry.
More importantly, it can be shown by counting
the pseudomomentum of each root configuration that
there are two degenerate copies of the antisymmetrized
Halperin (551) state at Q = (N/2, N/2), where the exact
7/3 ground state occurs. As mentioned in Sec. I, how-
ever, it is unclear at present whether the ground-state
degeneracy of the antisymmetrized Halperin (551) state
is the same as that of the fermionic Haffnian state in this
momentum sector.
Fortunately, the ground-state degeneracy issue does
not occur in the spherical geometry, where both fermionic
Haffnian and Halperin (551) states are non-degenerate.
Specifically, in the spherical geometry, the fermionic
Haffnian state can be directly obtained as the exact,
non-degenerate, zero-energy ground state of the following
three-body interaction Hamiltonian [77]:
HHf =
∑
i6=j 6=k
[
V0Pijk (3Nφ/2− 3)
+ V2Pijk (3Nφ/2− 5) + V3Pijk (3Nφ/2− 6)
]
,
(20)
where Pijk(L) is the projection operator onto the three-
particle state at a given total angular momentum L. The
V1 term is absent due to a symmetry reason [78].
We have confirmed that, in the spherical geometry, the
ground state of HHf is indeed exactly identical to the an-
tisymmetrized projection of the Halperin (551) state up
to machine accuracy. Based on this confirmation, as far
as the fermionic Haffnian state is concerned, we put more
emphasis on the results obtained in the spherical geom-
etry. In Sec. IVA2, we show the results for the overlap
between the exact 7/3 ground and the antisymmetrized
Halperin (551) states in the spherical geometry. It turns
out, fortunately, that the overlap results obtained in the
spherical geometry are overall consistent with those in
the torus geometry, as reported in Sec. IVA.
C. Antisymmetrized product state of two CF seas
at 1/6 filling
Here, we consider the antisymmetrized product state
of two CF seas at 1/6 filling, AΨ6CFS⊗6CFS. To this end,
it is necessary to know how to obtain the CF sea state at
1/6 filling, Ψ6CFS. Na¨ıvely, one may guess that Ψ6CFS is
obtained as the ground state of the Coulomb interaction
at ν = 1/6 in the LLL. Unfortunately, however, this guess
is not correct since the actual ground state is likely to be
the Wigner crystal of composite fermions rather than the
quantum Hall liquid state [79, 80]. In the torus geometry,
this manifests itself as the fact that the ground state
occurs at odd pseudomomenta, indicating that it is not
a uniform state. In this sense, the previously-mentioned
phase diagram in Fig. 1 (a) is in fact inaccurate. The
actual 1/3 bilayer quantum Hall ground state at d/lB ≫
1 is predicted to be the product state of two Wigner
crystals of composite fermions at 1/6 filling.
For this reason, we instead construct Ψ6CFS as the ex-
act ground state of the LLL FQH Hamiltonian in Eq. (4)
with V
(0)
1,3,5 set equal to unity and all the other Hal-
dane pseudopotentials zero. It is important to note that
AΨ6CFS⊗6CFS does not necessarily describe a compress-
ible phase even if Ψ6CFS⊗6CFS is compressible. The rea-
son is in some sense similar to why the antisymmetrized
incompressible state is not necessarily incompressible, as
shown in the example of ΨHf = AΨ551. Perhaps, a more
directly relevant example is the previously-mentioned an-
tisymmetrized product state of two CF seas at quarter
filling, AΨ4CFS⊗4CFS, which has a significant square of
overlap (over 90% when PH-symmetrized in the N = 12
system) with the exact 5/2 ground state at the Coulomb
point [29], which is known to be incompressible. It is not
clear at this point whether AΨ6CFS⊗6CFS is indeed in-
compressible. Despite this uncertainty, we believe that it
is worthwhile to investigate how large overlap it can have
with the exact 7/3 ground state around the Coulomb
point. In some sense, the overlap can provide us with a
hint for the compressibility of AΨ6CFS⊗6CFS.
D. PH-conjugated Z4 parafermion state
Now, let us consider the PH-conjugated Z4
parafermion state, CPHΨZ4 . As mentioned previ-
ously, the Z4 parafermion state can be obtained as
the antisymmetrized projection of the Halperin (330)
state [59, 60] with the Halperin (330) state defined as
Ψ330 =
N/2∏
i<j
(zi − zj)3 (ωi − ωj)3 , (21)
which can be in turn obtained as the exact zero-energy
ground state of the BQH Hamiltonian in Eq. (7) with
V intra1 set equal to a nonzero positive number and all
the other Haldane pseudopotentials to zero. Practically,
we use the fact that Ψ330 is the direct product of two
Laughlin states, each of which can be obtained in a much
smaller Hilbert space. For example, for N = 12 in the
torus geometry, the size of the Hilbert space for the 2/3
BQH system is around 3.6 × 1015, whereas that for the
91/3 FQH system is around 2.9 × 106. Once Ψ330 is ob-
tained, we apply the antisymmetrization operator to ob-
tain AΨ330 = ΨZ4 and then the PH conjugation operator
to obtain CPHΨZ4 .
As mentioned in Sec. I, there is an issue of the ground-
state degeneracy mismatch between the antisymmetrized
Halperin (330) and the Z4 parafermion states in the torus
geometry. Fortunately, this ground-state degeneracy is-
sue is much less severe, compared to that between the an-
tisymmetrized Halperin (551) and the fermionic Haffnian
states discussed in the preceding section. Specifically,
there is a certain momentum sector in the torus geome-
try, where all degenerate copies of the antisymmetrized
Halperin (330) state are exactly identical to the appro-
priate counterparts of the Z4 parafermion state.
To understand what this momentum sector is, let us
consider the root configurations of the Halperin (330)
and the Z4 parafermion states. First, the Halperin (330)
state is constructed as the direct product between two
Laughlin states in the top (↑) and bottom (↓) layers,
each of which has three degenerate copies via the center-
of-mass shift, leading to the nine-fold ground-state de-
generacy of the Halperin (330) state [81]. Specifically,
the Laughlin state has the following three root config-
urations: | • ◦ ◦ • ◦ ◦ • ◦ ◦ · · · 〉, | ◦ • ◦ ◦ • ◦ ◦ • ◦ · · · 〉,
and | ◦ ◦ • ◦ ◦ • ◦ ◦ • · · · 〉, where • and ◦ indicate filled
and empty sites, respectively. These three root configu-
rations are related with each other via the center-of-mass
shift. Evaluating the pseudomomentum of each root con-
figuration, one can show that three degenerate copies of
the Laughlin state occur at Qy = 0, Nφ/3, and 2Nφ/3
for odd, and Nφ/6, Nφ/2, and 5Nφ/6 for even particle
numbers, where Nφ is the number of flux quanta. We set
Nφ = 3N↑ = 3N↓ since we are interested in the BQH sys-
tem with the top and bottom layers having the (equal)
particle number N↑ andN↓, respectively. Note that there
is no flux shift in the torus geometry.
The root configurations of the Halperin (330) state can
be obtained by taking the direct product between those
of the two Laughlin states in the top and bottom lay-
ers. Among the nine degenerate copies obtained from
this product, the Halperin (330) state can occur partic-
ularly at Qy = Qy↑ + Qy↓ = 0 (mod Nφ) by combining
(Qy↑, Qy↓) = (0, 0), (Nφ/3, 2Nφ/3), and (2Nφ/3, Nφ/3)
for odd N↑ and N↓, and (Nφ/2, Nφ/2), (Nφ/6, 5Nφ/6),
and (5Nφ/6, Nφ/6) for even N↑ and N↓. As a conse-
quence, the momentum sector at Qy = 0 (mod Nφ) has
the triple degeneracy. Also, due to the center-of-mass
shift, there are other similar triple degeneracies in the
momentum sectors at Qy = N and 2N (mod Nφ) with
N = N↑+N↓. It is worthwhile to mention that, along the
x-direction, the momentum of all the above degenerate
states is the same; Qx = Qx↑ + Qx↓ = 0 (mod N
′) with
N ′ = gcd(N,Nφ).
For odd N↑ and N↓, two degenerate copies of the
Halperin (330) state can be obtained from (Qy↑, Qy↓) =
(Nφ/3, 2Nφ/3) and (2Nφ/3, Nφ/3), both of which reduce
to a single identical state at Qy = 0 (mod Nφ) after
antisymmetrization. Meanwhile, the antisymmetrized
projection of the Halperin (330) state obtained from
(Qy↑, Qy↓) = (0, 0) remains distinct from this state. Con-
sequently, a double ground-state degeneracy is generated
at Qy = 0. Since Qx = 0 for all the above states,
this means that there is the double ground-state de-
generacy for the antisymmetrized Halperin (330) state
at Q = (Qx, Qy) = (0, 0). Similarly, for even N↑
and N↓, two degenerate copies of the Halperin (330)
state can be obtained from (Qy↑, Qy↓) = (Nφ/6, 5Nφ/6)
and (5Nφ/6, Nφ/6), both of which reduce to a sin-
gle identical state at Qy = 0 (mod Nφ) after anti-
symmetrization. Also, a different single state is ob-
tained by antisymmetrizing the Halperin (330) state at
(Qy↑, Qy↓) = (Nφ/2, Nφ/2), consequently generating the
double ground-state degeneracy at Q = (0, 0) similar to
the case of odd N↑ and N↓. Eventually, there is alto-
gether the six-fold ground-state degeneracy due to the
center-of-mass shift.
It is important to note that, strictly speaking, anti-
symmetrization would annihilate any root configurations
obtained in the momentum sector satisfying Qy↑ = Qy↓,
i.e., where electrons with opposite layer indices are ex-
actly on top of each other. Fortunately, there are extra
“fluctuation configurations,” which are derived from the
root configurations away from the thin-torus limit. These
fluctuation configurations can generally survive antisym-
metrization.
Now, let us switch gears and consider the ground-state
degeneracy of the Z4 parafermion state. There are al-
together fifteen different root configurations for the Z4
parafermion state: (i) | • • • • ◦ ◦ · · · 〉 and its six other
center-of-mass-shifted copies, (ii) |•••◦•◦ · · ·〉 and its six
other center-of-mass-shifted copies, and (iii) |••◦••◦ · · · 〉
and its three other center-of-mass-shifted copies. Phys-
ically, these root configurations can be understood as
all possible ways of distributing four electrons within
the unit cell of six sites, followed by the center-of-mass
shift [82, 83]. Having absolutely zero amplitudes of five-
electron cluster, these root configurations generate the
zero-energy ground states of the fermionic five-body δ-
function interaction Hamiltonian, which imposes an en-
ergy cost only on five-electron cluster. Note that, by
definition, the Zk parafermion state is the zero-energy
ground state of the fermionic (k+1)-body δ-function in-
teraction Hamiltonian. See Appendix A for the details of
the fermionic (k+1)-body δ-function interaction Hamil-
tonian.
Counting the pseudomomenta allowed for all the above
root configurations, one can show that there is the dou-
ble ground-state degeneracy for the Z4 parafermion state
at Q = (0, 0) (mod N ′). Therefore, the ground-state de-
generacy of the Z4 parafermion state is exactly matched
with that of the antisymmetrized Halperin (330) state in
this momentum sector.
Now, we would like to show that, in this momentum
sector, the two degenerate copies of the Z4 parafermion
state are indeed exactly identical to those of the anti-
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symmetrized Halperin (330) state. To this end, we ob-
tain the Z4 parafermion state by directly diagonalizing
the fermionic five-body δ-function interaction Hamilto-
nian. See Appendix B for the concrete second quantiza-
tion form of the fermionic five-body δ-function interac-
tion Hamiltonian in the torus geometry.
Specifically, we perform ED of the fermionic five-
body δ-function interaction Hamiltonian to obtain the Z4
parafermion state in the finite-size system with N = 8
and Nφ = 12. In the mean time, the antisymmetrized
Halperin (330) state is obtained in the same finite-size
system by making the product of two Laughlin states,
each of which is obtained in the finite-size system with
N = 4 andNφ = 12 as the exact zero-energy ground state
of the LLL FQH Hamiltonian with V
(0)
1 set equal to a
nonzero positive number and all the other Haldane pseu-
dopotentials to zero. In the end, we compute the overlap
between the two degenerate copies of the Z4 parafermion
state and those of the antisymmetrized Halperin (330)
state. As a result, it is explicitly shown that the two
degenerate copies of the antisymmetrized Halperin (330)
state at Q = (0, 0) have exactly the unity overlap with
their respective counterparts of the Z4 parafermion state.
In other words, at Q = (0, 0), all degenerate copies of the
Z4 parafermion state can be obtained by antisymmetriz-
ing those of the Halperin (330) state.
As mentioned previously, the issue of the ground-state
degeneracy mismatch does not occur in the spherical ge-
ometry. To explicitly confirm this to be the case, first, we
have directly obtained the Z4 parafermion state via the
Jack polynomial [84]. As before, the Halperin (330) state
is obtained by making the product of two Laughlin states
in the spherical geometry. It is explicitly shown that the
Z4 parafermion state obtained via the Jack polynomial is
indeed exactly identical to the antisymmetrized Halperin
(330) state, both occurring at the L = 0 sector without
any degeneracy.
It is worthwhile to mention that a recent numerical
work by Peterson et al. in the spherical geometry [55]
has shown that ΨZ4 has a significant overlap with exact
8/3 state with full spin polarization. In the limit of zero
Landau level mixing, the same significant overlap should
be obtained between CPHΨZ4 and the exact 7/3 ground
state. We have explicitly confirmed this to be the case
by performing ED in the spherical geometry. In fact, we
have been able to perform ED in a much larger system
than those studied by Peterson et al., who studied up to
the N = 16 system at ν = 8/3, which corresponds to the
N = 6 system at ν = 7/3 after PH conjugation. As one
can see in Fig. 3, we report ED results at ν = 7/3 up to
N = 10 for CPHΨZ4 , while up to N = 12 for both Ψ333
and ΨHf .
E. Other related bilayer quantum Hall states
In connection with the Z4 parafermion state, there are
several other related non-Abelian trial states in the bi-
layer quantum Hall system at ν = n + 2/3 with n be-
ing the filled Landau level index. These trial states in-
clude the intralayer Pfaffian state [85], the interlayer Pfaf-
fian state [86, 87], the Fibonacci state [88, 89], and the
Bonderson-Slingerland state [41].
We remark that it is not easy to construct these trial
states in the torus geometry since the parent Hamiltonian
generating each state as the zero-energy ground state is
unknown. On the other hand, in the spherical geometry,
one can obtain the amplitudes of each state in second
quantization basis by making use of the Jack polyno-
mial representation [90]. While these trial states could
be important in some parameter regimes of the bilayer
quantum Hall system, in this work, we are only inter-
ested in the single-layer quantum Hall states, which can
be obtained by antisymmetrizing the simple Abelian bi-
layer quantum Hall states such as the Halperin (330) and
(551) states.
IV. RESULTS
A. Overlap
In this section, we compute the overlap between the
exact 7/3 ground state and each of the four trial states,
Ψ333, ΨHf , AΨ6CFS⊗6CFS, and CPHΨZ4 by using ED in
both torus and spherical geometries up to N = 12. In
the preceding section, we have discussed how to obtain
the four trial states in both torus and spherical geome-
tries. It is emphasized that the ground-state degeneracy
of each trial state in the torus geometry should be prop-
erly understood as discussed in the preceding section.
Note that we obtain the exact 7/3 ground state in the
torus geometry by exactly diagonalizing the SLL FQH
Hamiltonian in Eq. (4) as a function of the Haldane pseu-
dopotential variation δV
(1)
1 /V
(1)
1 with V
(1)
1 = 0.415419.
To emphasize its dependence on δV
(1)
1 , the exact 7/3
ground state is denoted as Ψ7/3[δV
(1)
1 ] in the torus ge-
ometry. Meanwhile, in the spherical geometry, we focus
on the exact 7/3 ground state only at the pure Coulomb
interaction.
Before presenting the overlap results, it is worthwhile
to explain our choice of particle numbers. While ΨHf and
CPHΨZ4 can be constructed in principle at any particle
numbers by using appropriate many-body model Hamil-
tonians, it is convenient to choose even particle numbers
in our bilayer mapping approach. Also, due to the prop-
erty of the antisymmetrized product state, AΨ6CFS⊗6CFS
can be constructed only when the particle number is a
multiple of four [29].
1. Torus geometry
Figure 2 shows the square of overlap between
Ψ7/3[δV
(1)
1 ] and each of the four trial states, Ψ333, ΨHf ,
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FIG. 2. (Color online) Square of overlap |O|2 between the exact 7/3 ground state, Ψ7/3[δV
(1)
1 ], and each of the four trial states,
Ψ333, ΨHf , AΨ6CFS⊗6CFS, and CPHΨZ4 , as a function of the Haldane pseudopotential variation δV
(1)
1 /V
(1)
1 with V
(1)
1 = 0.415419.
The exact 7/3 ground state, Ψ7/3[δV
(1)
1 ], is obtained as the exact lowest energy state of the Coulomb interaction Hamiltonian
with the Haldane pseudopotential variation δV
(1)
1 at pseudomomentum Q = (N/2, N/2). Note that the lowest energy state
always occurs at Q = (N/2, N/2) for the entire range of δV
(1)
1 . The shape of the unit cell is square in (a)–(d), and hexagonal
in (e)–(h). The electron-electron interaction is purely Coulombic at δV
(1)
1 = 0.
AΨ6CFS⊗6CFS, and CPHΨZ4 as a function of the Haldane
pseudopotential variation δV
(1)
1 /V
(1)
1 for various particle
numbers in the torus geometry. Note that the torus ge-
ometry can accommodate different parallelogram shapes
for the unit cell by continuously varying the angle be-
tween two lateral vectors L1 and L2, which can deform
the unit cell from square to hexagon [28]. As one can
see, there are somewhat wild fluctuations in the behavior
of the overlap across various particle numbers. Despite
these fluctuations, it is possible to extract the following
overall behaviors of the overlap.
First, the overlap between Ψ7/3[δV
(1)
1 ] and Ψ333 shows
the most stable behavior as a function of δV
(1)
1 /V
(1)
1 re-
gardless of particle number. Specifically, the overlap is
close to unity for sufficiently large positive δV
(1)
1 /V
(1)
1 ,
but decreases fast as δV
(1)
1 /V
(1)
1 approaches the Coulomb
point. At moderately negative δV
(1)
1 /V
(1)
1 , the overlap
becomes negligibly small. In contrast to the situation in
the LLL, Ψ333 has a rather weak chance of representing
the exact Coulomb ground state in the SLL.
Second, as for the fermionic Haffnian state, it is impor-
tant to properly define the overlap between Ψ7/3[δV
(1)
1 ]
and ΨHf . As mentioned in Sec. III B, ΨHf has a multiple
ground-stare degeneracy in the torus geometry, which di-
verges as a function of particle number [91]. Meanwhile,
Ψ7/3[δV
(1)
1 ] is uniquely obtained as the lowest energy
state of the Coulomb interaction, which generally does
not have any exact ground-state degeneracy (except that
due to the center-of-mass shift). This leads to an am-
biguity regarding the definition of the overlap between
Ψ7/3[δV
(1)
1 ] and ΨHf .
Mathematically, one needs to properly define the over-
lap between a non-degenerate target state, say |ΨA〉,
and a trial state with multiple degenerate copies, say
{|ΨB,n〉}, where n is an index distinguishing between
different degenerate copies. One reasonable definition
would be the projected amplitude of |ΨA〉 onto the de-
generate Hilbert space expanded by {|ΨB,n〉}. Mathe-
matically, the square of overlap defined in this way can be
written as |O|2 =∑n |〈ΨA|ΨB,n〉|2. We use precisely this
definition here and in the following subsection, where the
overlap between Ψ7/3[δV
(1)
1 ] and CPHΨZ4 is discussed.
In the case of the fermionic Haffnian state, there is an
additional serious problem that the ground-state degen-
eracy diverges as a function of particle number. In this
work, we focus only on supposedly the sub-Hilbert space
of ΨHf , which can be represented by the antisymmetrized
projections of the two degenerate Halperin (551) states
at Q = (N/2, N/2), where Ψ7/3[δV
(1)
1 ] occurs. In this
way, we might neglect many other degenerate Haffnian
states, which cannot be obtained by antisymmetrizing
the Halperin (551) state. Thus, potentially, our results
in the torus geometry could seriously underestimate the
true overlap between Ψ7/3[δV
(1)
1 ] and ΨHf .
To circumvent this problem, we have also performed
ED in the spherical geometry, where the ground-state de-
generacy issue does not occur. Postponing the detailed
discussions to Sec. IVA2, it is sufficient for now to men-
tion that, fortunately, the overlap results obtained in the
spherical geometry are overall consistent with those in
the torus geometry reported below.
Figure 2 shows the overlap between Ψ7/3[δV
(1)
1 ] and
ΨHf in the torus geometry, which is sizable at moderately
negative δV
(1)
1 /V
(1)
1 for small particle numbers, say, N =
6 and 8. Unfortunately, the overlap decreases fast as
the particle number increases to N = 10. In particular,
the overlap becomes negligibly small near the Coulomb
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point at N = 10. We therefore conclude that ΨHf has
little chance of representing the exact 7/3 ground state
around the Coulomb point in the thermodynamic limit.
Third, the overlap between Ψ7/3[δV
(1)
1 ] and
AΨ6CFS⊗6CFS is somewhat similar to that between
Ψ7/3[δV
(1)
1 ] and ΨHf . That is, the overlap between
Ψ7/3[δV
(1)
1 ] and AΨ6CFS⊗6CFS is sizable at moderately
negative δV
(1)
1 /V
(1)
1 at N = 8, but collapses almost
completely at N = 12 for the entire range of δV
(1)
1 /V
(1)
1 .
Therefore, we also conclude that AΨ6CFS⊗6CFS has
little chance of representing the exact 7/3 ground state
around the Coulomb point in the thermodynamic limit.
Finally, let us discuss the overlap between Ψ7/3[δV
(1)
1 ]
and CPHΨZ4 . It has been mentioned in Sec. III D that
there is the double ground-state degeneracy for ΨZ4 at
Q = (0, 0). After PH conjugation, CPHΨZ4 has the dou-
ble ground-state degeneracy at Q = (N/2, N/2) and
(0, 0) for even and odd particle numbers, respectively,
which can be taken as the zero physical momentum [67].
As explained above, we define the overlap in this situa-
tion as the projected amplitude of Ψ7/3[δV
(1)
1 ] onto the
degenerate Hilbert space expanded by the two degenerate
copies of CPHΨZ4 .
Figure 2 shows that, while fluctuating somewhat
across various particle numbers, the overlap between
Ψ7/3[δV
(1)
1 ] and CPHΨZ4 remains substantial around the
Coulomb point. It is interesting to note that the over-
lap between Ψ7/3[δV
(1)
1 ] and CPHΨZ4 seems to be peaked
around the Coulomb point, exactly where the Laughlin
state loses its overlap significantly. Therefore, we con-
clude that CPHΨZ4 has a reasonably good chance of rep-
resenting the exact 7/3 ground state around the Coulomb
point with its overlap being the highest among the four
trial states.
2. Spherical geometry
Now, we discuss what happens in the spherical geom-
etry. In particular, we are interested in the overlap be-
tween the exact 7/3 ground state at the Coulomb point
and each of the following three trial states, Ψ333, ΨHf ,
and CPHΨZ4 . We do not consider AΨ6CFS⊗6CFS since its
overlap with the exact 7/3 ground state is already too
low in the torus geometry. We do not think that this
situation would change in the spherical geometry.
Before computing the overlap with the exact 7/3
ground state, we first check if ΨHf is a worthy trial state.
Specifically, we compute the Coulomb interaction ener-
gies of Ψ333 and ΨHf by performing Monte Carlo simu-
lation up to N = 50, the results of which are then ex-
trapolated to the thermodynamic limit. To make such
large-scale Monte Carlo simulation possible, it is impor-
tant to write the trial states in concrete mathematical
forms. Unfortunately, the mathematical forms of Ψ333
[Eq. (12)] and ΨHf [Eq. (13)] are concretely known only
in the LLL. To perform Monte Carlo simulation in the
SLL, we follow the trick invented in Ref. [92]. In this
trick, the Coulomb potential in the SLL is modeled as the
effective potential Veff(r) =
1
r + a1e
−α1r
2
+ a2r
2e−α2r
2
,
where a1, a2, α1, and α2 are fixed by requiring that the
first four pseudopotentials of Veff(r) in the LLL should
be equal to those of the Coulomb potential in the SLL.
As a result of this trick, we are able to estimate that, in
the thermodynamic limit, the Coulomb interaction en-
ergies of Ψ333 and ΨHf are −0.325(0) and −0.320(9) in
units of e2/ǫlB, respectively. This means that the two
trial states are very competitive in the SLL. For com-
parison, note that, in the LLL, the Coulomb interaction
energies of Ψ333 and ΨHf are estimated to be −0.4097(3)
and −0.3719(1) in units of e2/ǫlB, respectively.
Now, we discuss the overlap between the exact 7/3
ground state at the Coulomb point and each of the three
trial states, Ψ333, ΨHf , and CPHΨZ4 , in the spherical ge-
ometry. To this end, it is important to mention that the
three trial states are actually compared with their respec-
tive, slightly different exact 7/3 ground states due to the
well-known property of the spherical geometry known as
the “flux shift.” In the spherical geometry, monopole
strength Q is related with particle number N for a de-
sired thermodynamic filling factor ν via 2Q = ν−1N−S.
A problem is that different values should be assigned to
flux shift S for different trial states; S = 3 for Ψ333, 5
for ΨHf , and −3 for CPHΨZ4 . We define the exact 7/3
ground state as the exact Coulomb ground state occur-
ring at appropriate S, which depends on the specific trial
state.
It is interesting to mention that, when S is set equal
to 5 (which corresponds to ΨHf), the ground state energy
exhibits a clear even-odd effect meaning that the ground
state energy oscillates depending on whether the particle
number is even or odd [22]. This suggests that a certain
form of the pairing correlation exists in ΨHf . When S
is set equal to 3 (which corresponds to Ψ333), no such
even-odd effect is observed.
Figure 3 shows the square of overlap between the exact
7/3 ground state at the Coulomb point and each of the
three trial states, Ψ333, ΨHf , and CPHΨZ4 , in the spher-
ical geometry. First, the overlap between the exact 7/3
ground state and Ψ333 is fairly low, 20-50%, exhibiting a
large undulation as a function of particle number. Sec-
ond, the overlap between the exact 7/3 ground state and
ΨHf is initially quite high, but decreases fast as the par-
ticle number increases. This behavior is consistent with
what is observed in the torus geometry. Therefore, we
arrive at the same conclusion as obtained in the torus ge-
ometry that both Ψ333 and ΨHf would have little chance
of representing the exact 7/3 ground state around the
Coulomb point in the thermodynamic limit.
Meanwhile, the overlap between the exact 7/3 ground
state and CPHΨZ4 is reasonably high, 60-90%, with a rel-
atively stable behavior as a function of particle number.
Thus, it is concluded that, at least among the three trial
states studied above, CPHΨZ4 is the best candidate state
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FIG. 3. (Color online) Square of overlap |O|2 between the
exact 7/3 ground state at the Coulomb point and each of the
three trial states, Ψ333, ΨHf , and CPHΨZ4 , in the spherical
geometry. The three trial states occur at different values of
flux shift; S = 3 for Ψ333, 5 for ΨHf , and −3 for CPHΨZ4 .
Some data points are missing due to the fact that the total
angular momentum of the ground state is non-zero there.
for the exact 7/3 ground state around the Coulomb point.
B. Energy spectrum
The reasonably substantial overlap between the exact
7/3 ground state and CPHΨZ4 around the Coulomb point
motivates us to investigate if there is a signature in the
exact energy spectrum supporting CPHΨZ4 . A particular
signature that we would like to focus on is the charac-
teristic ground-state degeneracy of CPHΨZ4 occurring at
specific pseudomomentum channels in the torus geome-
try.
The ground-state degeneracy of ΨZ4 can be evaluated
by using two different methods. The first method is to
examine the structure of the conformal field theory [40].
The second method is to examine the root configurations
of ΨZ4 in the thin-torus limit [82, 83], as discussed in
Sec. III D. The ground-state degeneracy of CPHΨZ4 can
be inferred from that of ΨZ4 with the knowledge of how
the root configurations transform under the PH conjuga-
tion.
By carefully examining the pseudomomenta allowed
for all the root configurations of CPHΨZ4 , one can show
that, for even particle numbers, there should be five de-
generate ground states with one occurring at each Q =
(0, 0), (N/2, 0), and (0, N/2), and two at (N/2, N/2).
This makes the total ground-state degeneracy fifteen
since each of the above five degenerate ground states has
three center-of-mass-shifted copies. As a consequence,
if CPHΨZ4 were to represent the exact 7/3 ground state
accurately, there should be a set of five degenerate, or
at least quasidegenerate copies of the ground state with
one occurring at each Q = (0, 0), (N/2, 0), (0, N/2) and
two at (N/2, N/2), accompanied by their center-of-mass-
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FIG. 4. (Color online) Exact energy spectra in the torus ge-
ometry as a function of the magnitude of pseudomomentum
Q = |Q| in units of 1/lB . Note that the unit cells are rectan-
gular and hexagonal in Panels (a) and (b), respectively. The
lowest-energy states at pseudomomenta Q = (0, 0), (N/2, 0),
(0, N/2), and (N/2, N/2) are denoted as blue lines, distin-
guished from all the other states denoted as red lines. Note
that, here, slightly non-unity aspect ratios are used to sep-
arate the two, otherwise degenerate states at Q = (N/2, 0)
and (0, N/2) denoted as the two blue lines in the middle.
shifted copies.
Figure 4 shows the exact energy spectra in the torus
geometry as a function of the magnitude of pseudomo-
mentum Q = |Q| in units of 1/lB. Considering that
the anticipated quasi-degeneracy could be more visible
when the overlap between the exact 7/3 ground state and
CPHΨZ4 is relatively high, we choose the N = 8 system
in Panel (a) with δV
(1)
1 /V
(1)
1 = −0.072 and the rectan-
gular unit cell, corresponding to the regime of maximum
overlap in Panel (b) in Fig. 2. A slightly non-unity as-
pect ratio, ra = 0.98, is chosen so that the two, other-
wise degenerate states at Q = (N/2, 0) and (0, N/2) are
separated. Similarly, we choose the N = 10 system in
Panel (b) with δV
(1)
1 /V
(1)
1 = 0 and the hexagonal unit
cell, corresponding to the regime of maximum overlap in
Panel (g) in Fig. 2. Here, the aspect ratio is chosen to
be ra = 0.99. As one can see from the figure, there is
a reasonably strong signature for the anticipated quasi-
degeneracy of the ground state at the correct pseudomo-
mentum channels.
Now, we examine the energy spectrum from a more
physical point of view. Specifically, we investigate the
change in the energy spectrum by moving from suffi-
ciently large positive δV
(1)
1 /V
(1)
1 , where the Laughlin
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FIG. 5. (Color online) Exact energy spectra in the torus ge-
ometry for various values of the Haldane pseudopotential vari-
ation δV
(1)
1 /V
(1)
1 as a function of the magnitude of physical
momentum k = |k| in units of 1/lB . The physical momentum
k is related with the pseudomomentum Q via k = Q − k0,
where k0 denotes the zero momentum. The lowest-energy
states at pseudomomenta Q = (0, 0), (N/2, 0), (0, N/2), and
(N/2, N/2) are denoted as blue x’s in comparison with all
the other states denoted as red crosses. Note that, here, the
aspect ratio is chosen to be unity so that all the energy eigen-
states at Q = (N/2, 0) and (0, N/2) are exactly superposed.
state is relevant, to the Coulomb point, where the PH-
conjugated Z4 parafermion state is anticipated to be rel-
evant.
Figure 5 shows the exact energy spectra in the torus
geometry for various values of the Haldane pseudopoten-
tial variation δV
(1)
1 /V
(1)
1 as a function of the magnitude
of physical momentum k = |k| in units of 1/lB. The
physical momentum k is related with Q via k = Q− k0,
where k0 denotes the zero momentum. In our situation,
k0 = (N
′/2, N ′/2) and (0, 0) for even and odd N ′, re-
spectively, where N ′ = gcd(N,Nφ) [67]. This means
that k0 = (N/2, N/2) in Fig. 5 since N
′ = N is even.
The energy spectra are computed in two different finite-
size systems with N = 8 [Panel (a), (b), and (c) ] and
10 [Panel (d), (e), and (f)], both of which show overall
similar behaviors as a function of δV
(1)
1 /V
(1)
1 .
At sufficiently large positive δV
(1)
1 /V
(1)
1 , the energy
spectrum exhibits a well-developed magnetoroton struc-
ture with its minimum located at |k|/lB ≃ 1.4, which
is the defining signature of the Laughlin state [43, 67,
93, 94]. This is consistent with the fact that the over-
lap between Ψ7/3[δV
(1)
1 ] and Ψ333 is essentially unity at
sufficiently large positive δV
(1)
1 /V
(1)
1 .
On the other hand, as δV
(1)
1 /V
(1)
1 is lowered to the
Coulomb point, the energy spectrum undergoes an in-
triguing transition from the spectrum with the Laughlin-
type magnetoroton structure to that with the specific
quasi-degeneracy of the ground state, which is charac-
teristic to the PH-conjugated Z4 parafermion state, as
discussed above. That is, the lowest-energy states at
Q = (0, 0), (N/2, 0), (0, N/2), and (N/2, N/2) are pulled
away from the continuum of other excited states to be-
come essentially the lowest-energy excited states at the
Coulomb point or slightly negative δV
(1)
1 . We believe
that this provides reasonably strong evidence supporting
that the PH-conjugated Z4 parafermion state provides a
good trial state representing the exact 7/3 ground state
around the Coulomb point.
It is worthwhile to mention that the quasidegenerate
excited state at k = 0 was previously interpreted as the
onset of the incompressible-to-compressible phase tran-
sition [50]. In our interpretation, this state is one of the
two degenerate copies of the Z4 parafermion state occur-
ring at Q = (N/2, N/2).
V. CONCLUSION
In this work, we investigate the nature of the FQH
state at ν = 7/3 (and 8/3 in the presence of the PH
symmetry) by using ED in both torus and spherical
geometries. Specifically, we compute the overlap be-
tween the exact 7/3 ground state and various compet-
ing states including (i) the Laughlin state, Ψ333, (ii)
the fermionic Haffnian state, ΨHf , which is proven in
this work to be entirely equivalent to AΨ551, (iii) the
antisymmetrized product state of two CF seas at 1/6
filling, AΨ6CFS⊗6CFS, and (iv) the PH-conjugated Z4
parafermion state, CPHΨZ4 , with ΨZ4 identified as AΨ330
under the proper understanding of the ground-state de-
generacy in the torus geometry.
It is shown that, while valid at sufficiently large posi-
tive Haldane pseudopotential variation δV
(1)
1 , the Laugh-
lin state loses its overlap with the exact 7/3 ground state
significantly around the Coulomb point. At slightly neg-
ative δV
(1)
1 , the PH-conjugated Z4 parafermion state is
shown to have a substantial overlap with the exact 7/3
ground state, being the highest among the above four
trial states. Also, around the Coulomb point, the energy
spectrum exhibits an intriguing change from the spec-
trum with the Laughlin-type magnetoroton structure to
that with the specific quasi-degeneracy of the ground
state, which is characteristic to the PH-conjugated Z4
parafermion state. Therefore, we conclude that the PH-
conjugated Z4 parafermion state has a reasonably good
chance of representing the exact 7/3 ground state around
the Coulomb point.
From the perspective of the general guiding princi-
ple for the FQH states in the SLL, all the above trial
states are constructed according to a guiding principle
called the bilayer mapping approach, where a trial state
is obtained as the antisymmetrized projection of a bilayer
quantum Hall state with interlayer distance d as a vari-
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ational parameter. The bilayer mapping approach can
be regarded as an alternative to the Zk parafermion ap-
proach, while the two approaches coincide in the case of
the Z4 parafermion state. That is to say, ΨZ4 = AΨ330.
It is emphasized that, in the torus geometry, there is an
issue of the ground-state degeneracy mismatch between
ΨZ4 and AΨ330. The ground-state degeneracy mismatch
is in apparent conflict with the analytical proof that the
wave functions of the two states are exactly identical in
the infinite planar geometry [59, 60]. This apparent con-
flict is resolved by interpreting the analytical proof in
such a way that, in the torus geometry, ΨZ4 and AΨ330
are exactly identical only in the common momentum sec-
tor, where both have the same ground-state degeneracy.
We have explicitly confirmed this to be the case by show-
ing that the entire degenerate Hilbert space expanded by
the degenerate copies of ΨZ4 is exactly identical to that
of AΨ330 at Q = (0, 0) [mod gcd(N,Nφ)].
An interesting future direction is to investigate if the
bilayer mapping approach can be applied to the 2/5-filled
SLL. Several trial states are natural in terms of the bi-
layer mapping approach. Particularly, in light of the sub-
stantial overlap between the exact 7/3 ground state and
CPHΨZ4(= CPHAΨ330), it would be interesting to com-
pute the overlap between the exact 12/5 ground state and
the antisymmetrized Halperin (550) state, AΨ550. Note
that the antisymmetrized Halperin (nn0) state, AΨnn0,
was considered previously [59, 72], while its overlap with
the exact Coulomb ground state was not studied.
It was argued in previous numerical studies [40, 47, 48]
that the Z3 parafermion state provides a good trial state
representing the exact 13/5 ground state around the
Coulomb point. This means that, in the absence of PH
breaking, the PH-conjugated Z3 parafermion state could
provide a good trial state at ν = 12/5. On the other
hand, it was shown previously [42] that the Bonderson-
Slingerland state is in a tight energy competition with
the Z3 parafermion state at ν = 12/5. If so, it would
be interesting to investigate which state among the an-
tisymmetrized Halperin (550) state, the PH-conjugated
Z3 parafermion state, and the Bonderson-Slingerland
state has the best overlap with the exact 12/5 ground
state around the Coulomb point. Note that the anti-
symmetrized Halperin (550) state by itself is expected
to be gapless according to the pattern-of-zeros and ver-
tex algebra approaches [72], while the Z3 parafermion
state and the Bonderson-Slingerland state are known to
be gapped. The antisymmetrized Halperin (550) state,
however, can be gapped with addition of perturbations
driving the state away from the critical point [72].
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Appendix A: Fermionic (k + 1)-body δ-function
interaction
In this Appendix, we prove that the Zk parafermion
state is the zero-energy ground state of the fermionic (k+
1)-body δ-function interaction at filling factor ν = k/(k+
2), which is written as
Hk+1 =
∑
p1<p2<···<pk+1
Sp1,p2,...,pk+1
{
∇2kp1∇2(k−1)p2 · · · ∇2pk
}
δ2(zp1 − zp2)δ2(zp2 − zp3) · · · δ2(zpk − zpk+1), (A1)
where Sp1,p2,...,pk+1 is the symmetrization operator, and
∇2(k−j+1)pj =
(
∂/∂zpj
)k−j+1 (
∂/∂z¯pj
)k−j+1
. Here, the
Zk parafermion wave function is given by ΨZk = Jψk,
where J =
∏N
i<j(zi − zj) and ψk is the bosonic Read-
Rezayi (RR) wave function, which is defined as the zero-
energy ground state of the bosonic (k+1)-body δ-function
interaction at ν = k/2 [40],
Hbosonk+1 =
∑
p1<p2<···<pk+1
δ2(zp1 − zp2)δ2(zp2 − zp3) · · · δ2(zpk − zpk+1). (A2)
To begin with, we compute the energy expectation value of Hk+1 for a trial fermionic wave function Ψ = Jψ
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at ν = k/(k+2) with ψ being an arbitrary bosonic wave
function at ν = k/2. Then, we show that the energy
expectation value becomes zero if and only if ψ = ψk,
i.e., the bosonic RR wave function. Since Hk+1 cannot
have a negative expectation value, ΨZk = Jψk is not only
the zero-energy state, but also the ground state of Hk+1.
In the infinite planar geometry, the uniqueness of ΨZk at
ν = k/(k+2) is guaranteed by that of ψk at ν = k/2 [40].
It is worthwhile to mention that, written in the form of
a Trugman-Kivelson-type interaction, the above expres-
sion for the fermionic (k+1)-body δ-function interaction
was previously mentioned in Ref. [91], while the power of
each differential operator was not specified explicitly.
For the sake of convenience, let us rewrite Eq. (A1) in
a compact form:
Hk+1 =
∑
p∈S(N,k+1)
Sp
k∏
j=1
∇2jpjδ2p({z}), (A3)
where S(m,n) indicates all possible sets of n differ-
ent indices chosen from {1, 2, . . . ,m}, N is the to-
tal number of particles, Sp ≡ Sp1,p2,...,pk+1 , ∇2jpj =
(∂/∂zpj)
j(∂/∂z¯pj )
j ≡ ∂jpj ∂¯jpj , and δ2p({z}) ≡ δ2(zp1 −
zp2)δ
2(zp2 − zp3) · · · δ2(zpk − zpk+1). Note that the pow-
ers of differential operators can be rearranged as shown
in Eq. (A3) due to the symmetrization operator.
The energy expectation value of Hk+1 for Ψ = Jψ is
written as follows:
〈Ψ|Hk+1|Ψ〉
=
∑
p∈S(N,k+1)
∫
Sp

 k∏
j=1
∇2jpjδ2p({z})

 Ψ¯Ψ (A4)
= (k + 1)!
∑
p∈S(N,k+1)
∫  k∏
j=1
∇2jpjδ2p({z})

 Ψ¯Ψ (A5)
= (k + 1)!
∑
p∈S(N,k+1)
∫
δ2p({z})

 k∏
j=1
∇2jpj Ψ¯Ψ

 , (A6)
where the differential
∏
i dxidyi = 2
−N
∏
i dz¯idzi is omit-
ted for simplicity. Since the spatial coordinates are
dummy variables, which are to be integrated out, the
symmetrization operator just generates (k+1)! identical
terms as shown in Eq. (A5). Then, performing integra-
tion by parts, one can obtain Eq. (A6), where the term
inside the parenthesis is further evaluated by using the
fact that Ψ = Jψ:
k∏
j=1
∇2jpj Ψ¯Ψ
=
k∏
j=1
∂jpj ∂¯
j
pj
(
J¯ ψ¯Jψ
)
(A7)
=

 k∏
j=1
∂¯jpj J¯p



 k∏
j=1
∂jpjJp

∣∣∣∣ JJp
∣∣∣∣
2
|ψ|2 + χp (A8)
=
k∏
j=1
(j!)2
∣∣∣∣ JJp
∣∣∣∣
2
|ψ|2 + χp, (A9)
where Jp =
∏
1≤i<j≤k+1(zpi − zpj ) and χp denotes any
terms generated by applying ∂pj and ∂¯pj at least once to
ψ rather than Jp and J¯p, respectively.
Now, the δ-function constraint in Eq. (A6) imposes
zp1 = zp2 = · · · = zpk+1 , which makes χp vanish since at
least one factor from Jp survives in the form of (zpi−zpj ).
On the other hand, the first term in Eq. (A9) does not
necessarily vanish, giving rise to a non-negative energy
expectation value in Eq (A6):
〈Ψ|Hk+1|Ψ〉 ∝
∑
p∈(N,k+1)
∫
δ2p({z}) |ψ|2
∣∣∣∣ JJp
∣∣∣∣
2
. (A10)
The energy expectation value becomes zero if and only
if ψ vanishes when zp1 = zp2 = · · · = zpk+1 . This means
that ψ is none other than the bosonic RR wave func-
tion, ψk. Consequently, the Zk parafermion wave func-
tion, ΨZk = Jψk, is the zero-energy ground state of the
fermionic (k + 1)-body δ-function interaction. Q.E.D.
Appendix B: Second quantization form of the
fermionic five-body δ-function interaction in the
torus geometry
Here, we describe how to obtain the second quantiza-
tion form of the fermionic five-body δ-function interac-
tion in the torus geometry. Note that this description can
be generalized to any fermionic (bosonic) (k+1)-body δ-
function interaction.
To begin with, the fermionic five-body δ-function in-
teraction is written in the planar geometry as follows:
H5 =
∑
i<j<k<l<s
Si,j,k,l,s
[∇8i∇6j∇4k∇2l δ2(ri − rj)δ2(rj − rk)δ2(rk − rl)δ2(rl − rs)] (B1)
≡
∑
i<j<k<l<s
Si,j,k,l,sV5 (x1,x2,x3,x4) , (B2)
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where Si,j,k,l,s is the symmetrization operator, x1 = ri−
rj , x2 = rj − rk, x3 = rk − rl, and x4 = rl − rs. In turn,
V5 (x1,x2,x3,x4) can be rewritten in terms of its Fourier
components:
V5(x1,x2,x3,x4) =
∫
2D
d2q1
∫
2D
d2q2
∫
2D
d2q3
∫
2D
d2q4V5(q1,q2,q3,q4) exp
(
i
4∑
ν=1
qν · xν
)
, (B3)
where
∫
2D represents the integration over the infi-
nite two-dimensional space, and V5(q1,q2,q3,q4) =
|q1|8|q5|6|q6|4|q7|2/(2π)8 with q5 = q2 − q1, q6 =
q3 − q2, and q7 = q4 − q3.
The fermionic five-body δ-function interaction in the
torus geometry, Htorus5 , is obtained by modifying H5 to
satisfy the periodic boundary condition with respect to
the unit cell defined by two vectors, L1 = L1(sin θxˆ +
cos θyˆ) and L2 = L2yˆ:
Htorus5 =
∑
i<j<k<l<s
Si,j,k,l,sV torus5 (x1,x2,x3,x4), (B4)
where
V torus5 ({xν}) =
4∑
ν=1
∞∑
uν ,vν=−∞
V5({xν + uνL1 + vνL2}),
(B5)
where {xν} = (x1,x2,x3,x4).
The periodic boundary condition in Eq. (B5) can be
readily satisfied by choosing the following Fourier repre-
sentation:
V torus5 ({xν}) =
∑
{qν}
Vtorus5 ({qν}) exp
(
i
4∑
ν=1
qν · xν
)
,
(B6)
where qν = mνQ1+nνQ2 (mν , nν ∈ Z) with Q1 and Q2
being the reciprocal vectors that satisfy L1 ·Q1 = 2π and
L2 ·Q2 = 2π, respectively. Note that the summation is
taken over all possible integer values of (mν , nν). Here,
Vtorus5 ({qν}) is the same as V5({qν}) except the nor-
malization factor; Vtorus5 ({qν}) = |q1|8|q5|6|q6|4|q7|2/v4
where v is the area of the unit cell, i.e., v = |L1 × L2|
Now, the fermionic five-body δ-function interaction
can be represented in terms of the torus basis states:
Htorus5 =
1
5!
∑
j1,...,j10
〈
j1j2j3j4j5
∣∣Si,j,k,l,sV torus5 ({xν})∣∣ j10j9j8j7j6〉 c†j1c†j2c†j3c†j4c†j5cj6cj7cj8cj9cj10 (B7)
≡
∑
j1,··· ,j10
Aj1,··· ,j10 c†j1c
†
j2
c†j3c
†
j4
c†j5cj6cj7cj8cj9cj10 , (B8)
where 〈· · · |Si,j,k,l,sV torus5 | · · · 〉 = 5! 〈· · · |V torus5 | · · · 〉 since
the symmetrization operator just generates 5! identical
terms. Above, Aj1,··· ,j10 is defined by
Aj1,··· ,j10 =
∑
{qν}
Vtorus5 ({qν})Bj1,··· ,j10({qν}), (B9)
where
Bj1,··· ,j10({qν})
= 〈j1| exp (iq1 · ri)|j10〉〈j2| exp (iq5 · rj)|j9〉
× 〈j3| exp (iq6 · rk)|j8〉〈j4| exp (iq7 · rl)|j7〉
× 〈j5| exp (−iq4 · rs)|j6〉, (B10)
where {qν} = (q1,q2,q3,q4), and q5, q6, and q7 are
derived from {qν} as shown below Eq. (B3).
By using the single-particle eigenstate of the lowest
Landau level,
〈r|j〉 =
(
1
L2lB
√
π
) 1
2
∞∑
d=−∞
exp
[
i(Xj + dL1 sin θ)y
l2B
]
× exp
[
− (x+Xj + dL1 sin θ)
2
2l2B
]
× exp
[
− i cos θ
2l2B sin θ
(Xj + dL1 sin θ)
2
]
, (B11)
where Xj = 2πl
2
Bj/L2 and L1L2 sin θ = 2πl
2
BNφ,
one can eventually obtain the following expression for
Bj1,··· ,j10({qν}):
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Bj1,··· ,j10({qν})
= δ′j1−j10,n1δ
′
j2−j9,n5δ
′
j3−j8,n6δ
′
j6−j5,n4δ
′
j1+j2+j3+j4+j5,j6+j7+j8+j9+j10 exp
[
− l
2
B
4
(|q1|2 + |q4|2 + |q5|2 + |q6|2 + |q7|2)
]
× exp
[
iπ
Nφ
{m1(n2 + 2j9 − 2j1) +m2(n1 − 2j9 − n3 + 2j3) +m3(n4 + 2j7 − n2 − 2j3) +m4(n3 − 2j7 + 2j5)}
]
,
(B12)
where it is important to note that mν and nν (ν =
1, · · · , 4) are related to qν via qν = mνQ1+nνQ2. Also,
the primed Kronecker delta is defined as δ′s,t = 1 if s = t
modulo Nφ and 0 otherwise.
Appendix C: An identity for the symmetrized
Jastrow factor
In this Appendix, we prove Eq. (16). We begin by
setting N/2 = n, xi = zi, xi+n = ωi, and rewrite Eq. (16)
as
2n−1
∑
(I,J);a1=1
∆(I)4∆(J)4 =

 ∑
(I,J);a1=1
∆(I)2∆(J)2


2
,
(C1)
where
∆({a1, a2, . . . , ar})l =
∏
1≤p<q≤r
(
xap − xaq
)l
, (C2)
and the summations are taken over
I = {a1, a2 . . . , an}, 1 = a1 < a2 < · · · < an, (C3)
J = {b1, b2 . . . , bn}, b1 < b2 < · · · < bn, (C4)
{a1, a2, . . . , an, b1, b2, . . . , bn}={1, 2, . . . , 2n}. (C5)
Equation (C1) trivially holds for n = 1. Below, we prove
it for general n by induction.
To this end, let us set
Pn(x1, x2 . . . , x2n)
=
∑
(I,J);a1=1
∆(I)4∆(J)4 (C6)
=
∑
(I′,J′)
∏
2≤p≤n
(x1 − xap)4∆(I ′)4
×
∏
2≤q≤n
(xb1 − xbq )4∆(J ′)4 , (C7)
and
Qn(x1, x2 . . . , x2n)
=
∑
(I,J);a1=1
∆(I)2∆(J)2 (C8)
=
∑
(I′,J′)
∏
2≤p≤n
(x1 − xap)2∆(I ′)2
×
∏
2≤q≤n
(xb1 − xbq )2∆(J ′)2 , (C9)
where I ′ = {a2, . . . , an} and J ′ = {b2, . . . , bn}. We as-
sume the induction hypothesis, which is written in terms
of Pn−1 and Qn−1 as follows:
2n−2Pn−1 = Q
2
n−1. (C10)
First, we prove that Eq. (C10) holds for x1 = x2 = x.
Since Π(x1 − xap) = 0 when x1 = x2 = x and a2 = 2, we
have
Pn(x, x, x3, . . . , x2n)
=
∑
(I′,J′)
∏
2≤p≤n
(x− xap)4∆(I ′)4
∏
2≤q≤n
(x− xbq )4∆(J ′)4
(C11)
=
∏
3≤k≤2n
(x− xk)4
∑
(I′,J′)
∆(I ′)4∆(J ′)4 (C12)
= 2
∏
3≤k≤2n
(x − xk)4
∑
(I′,J′);a2=3
∆(I ′)4∆(J ′)4 (C13)
= 2
∏
3≤k≤2n
(x − xk)4Pn−1(x3, . . . , x2n) (C14)
and
Qn(x, x, x3, . . . , x2n)
= 2
∏
3≤k≤2n
(x − xk)2Qn−1(x3, . . . , x2n), (C15)
which, with help of the induction hypothesis in
Eq. (C10), give rise to
Qn(x, x, x3, . . . , x2n)
2 = 2n−1Pn (x, x, x3, . . . , x2n) .
(C16)
This implies
2n−1Pn −Q2n = (x1 − x2)sR, (C17)
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where the polynomial R is nonzero for x1 = x2 = x. In
order to determine s, we prove
2n−1
∂Pn(x, x, x3 . . . , x2n)
∂x
=
∂Qn(x, x, x3 . . . , x2n)
2
∂x
.
(C18)
By Eq. (C14), we have
∂Pn(x, x, x3 . . . , x2n)
∂x
=
∏
3≤l≤2n
(x − xl)4
∑
3≤k≤2n
8
x− xkPn−1(x3, . . . , x2n).
(C19)
Similarly, by Eq. (C15), we have
∂Qn(x, x, x3, . . . , x2n)
2
∂x
= 2Qn(x, x, x3, . . . , x2n) (C20)
×
∏
3≤l≤2n
(x− xl)2
∑
3≤k≤2n
4
x− xkQn−1(x3, . . . , x2n)
(C21)
=
∏
2≤l≤2n
(x− xl)4
∑
3≤k≤2n
16
x− xkQn−1(x3, . . . , x2n)
2,
(C22)
which, with help of the induction hypothesis [Eq. (C10)]
and Eq. (C19), leads to the proof of Eq. (C18). Thus, the
partial derivative of both sides of Eq. (C17) with respect
to x for x1 = x2 = x gives rise to
s(x1 − x2)s−1R|x1=x2=x = 0, (C23)
which is satisfied only for s ≥ 2. Hence, by the symmetry,
we have
2n−1Pn −Q2n =
∏
1≤i<j≤2n
(xi − xj)2V (C24)
for some polynomial V . However, the degree of each
monomial in the left-hand side, which is 4n(n − 1), is
less than that in the right-hand side, which is at least
2n(2n− 1). Therefore, V must be zero. Q.E.D.
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